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Abstract--The problem of plasma equilibrium in a gravitational field is investigated analytically. For the 
two-dimensional problem, the system of ideal magnetohydrodynamic (MHD) equations are reduced to 
a single nonlinear elliptic equation of the magnetic potential A, "Grad-Shavranov type equation". Using 
Painlev6 analysis method, a set of analytical solutions is presented, which are adequate for describing 
force-free models for solar flares and plane-parallel fi aments of diffuse magnatized plasma suspended 
horizontally in equilibrium in a uniform gravitational field as well. 
1. INTRODUCTION 
The magnetohydrodynamic (MHD) equilibria has been used extensively tomodel several going on 
fusion reactor experiments [1] as well as solar magnetic structures [2-9]. Most of the proposed 
models of MHD equilibria are two-dimensional (e.g. sheet pinch, axisymmetric cylindrical or 
toroidal systems) which simplifies the problem somewhat by assuming that one of the spatial 
coordinates is ignorable. This first assumption leads to simple analytical models in terms of a single 
linear (nonlinear) elliptic equation for the magnetic potential A, generally known as the 
Grad-Shafranov equation, [4], which is equivalent to solving the magnetostatic equations of 
Dungey in a nonlinear form [10]. This equation with several specified boundary conditions has been 
a subject of several papers (mentioned before). The effect of rotation has been studied [11-13], for 
the linearized equation. 
However, the nonlinear problem has been solved [9, 14-16]. In this paper, we present a set of 
analytical solutions by applying the Painlev6 analysis method to the nonlinear problem [17-19], 
which allows us to generate new solutions from those obtained by Birn [20] and Low [14]. Through 
the exact solutions obtained this way, interesting physical properties can be put in qualitative form, 
Moreover the applicability of our results to the equilibrium configuration of a plane-parallel slab 
of plasma condensations in an otherwise total uniform field as well as force-free model for solar 
flares are discussed. 
2. BASIC CONSIDERATIONS AND PROBLEM FORMULATION 
The problem of plasma equilibrium is to find a solution for the following system of equations: 
pV~ +VP=J^B (I) 
V ^ B = J (2) 
V. S = 0 (3) 
E+v^B=0,  (4) 
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where p, J, v, E, B, P and ~ stand as usual for the mass density, fluid velocity, electric field, 
magnetic field, the gas kinetic pressure and the gravitational potential. In fact, the latter may consist 
of two parts: a part due to self gravitation and a part due to an external field. We shall be restricted 
to the two-dimensional equilibria. Moreover, the analysis will be done in cartesian coordinates 
(x,y, z) which may represent he sheet pinch for laboratory devices or the one-dimensional 
tokamak [21]. 
The results may then be transformed to cylindrical geometry or toroidal geometry (small aspect 
ratio torus). We further assume that all quantities are functions of the horizontal variable x and 
the vertical one y but independent of the second horizontal coordinate z. Then the boundary 
conditions may be imposed on the xy-plane. 
Now, introducing the magnetic flux function A(x,y) and a third magnetic field component 
Bz(x, y), equation (3) yields: 
B = V A (A (x, y)e~) + Bz(x, y)ez (5) 
and the electric current density J is given by 
J --- ~-~y ex -  ~-~x or -  ~ 0x 2 + ~-~-y2 j ez, (6) 
where ex, ey and ez are the unit vectors in x, y and z directions, respectively. 
It has already been established [4] that each of the gas pressure P and the magnetic field B have 
to be functions of A alone. However, agiven equilibrium structure ischaracterized by the functions 
P(A) and B(A) (which might be multivalued if the curve of constant A consists of two branches), 
and the calculation of the configuration will require to find a solution to the well known 
Grad-Shafranov equation: 
= ~A + d-A " (7) 
The solution of equation (7), if it exists, provides the configuration at certain moment. However, 
for certain specific onfigurations [20, 14, 10], where the two arbitrary functions [P(A) and B2(A )] 
are specified together with suitably given boundary conditions the solution has been obtained. 
In this paper we restrict our analysis to solving the nonlinear problem for the force-free model 
for solar flares as well as the equilibrium configuration for plasma condensation i an otherwise 
everywhere uniform gravitational field. 
3. THE NONLINEAR PROBLEM 
To solve equation (7) the pressure profile and (or) the magnetic field have to be specified as 
functions of the magnetic flux function A. We shall concentrate here on the two following cases. 
3. I. Force-free model for solar flares 
According to the observations of the solar corona, the force-free models appear as successful 
models for solar flares [20]. In the solar corona, measurements have indicated that the magnetic 
energy is much larger than the plasma kinetic pressure, so that we can neglect each of the pressure 
force and the gravitational force in this model. Hence equation (7) is reduced in this case to the 
following one: 
dE ] -- V2A __-- ~ 
The problem to be solved now can be reduced to the following simpler problem: 
- V2A = F(,L A, x, y). 
Choosing F(2; A, x, y) -- -2e  TM (b > 0, 2 > 0), then equation (9) becomes [20]: 
V2A = ~,e TM 
(8) 
(9) 
(10) 
Analytical solutions for nonlinear MHD atmospheres 1381 
3.2. Solut ion to the problem 
To solve equation (10), as a partial differential equation (pde), only a very few number of 
methods could help it. Among these methods are differential geometric and group theoretic ones 
[9, 22]. 
Here, we shall use the Painlev6 analysis approach to search for solvability and hence solutions 
of equation (10), following Weiss [17] and Steeb et al. [18], where the Painlev6 property is defined 
to mean that the solution of a given pde can be represented locally as a single-valued expansion 
about its movable singular manifold, i.e. if A is a solution of the pde, then we can write 
A = ~b" ~ a/~b/, (l l) 
j=0 
where ~b -- ~b(x, y) is analytic function for which ~b = 0 defines the singular manifold of the pde 
and m is negative integer. 
We require expansion (11) to be self-consistent solution to the given pale with the requisite 
number of arbitrary functions. 
In fact, E1-Sabbagh and Khater [22] have studied the Painlev6 property of equations as of 
equation (10), precisely the equation 
Ax~ + Ayy = 2e -hA. (12) 
They have obtained a B/icklund transform for equation (12) in the form 
eb A 2 (~b~ 
= 2b~b (~b~ x + ~by ~y)  log gb , + ~b~-~)  + e 'a2, (13) 
where both A and As are solutions of equation (12) while ~b has to satisfy a compatibility condition 
in the form: 
- v[ - 4u~b~ + 2v~ - 2u~bxx - 4uy~y + 2v~b 2+ 2udp. - 32bu] 
- u[ux~ - 2v~x - v~x~ + u .  - 2Vy~by - v~pyy + 4~vx + 4q~yy - 8u~ - 8u~b 2] = 0, (14) 
where 
2 
u = + 
and 
ex +¢y log . 
Now, one can seek ~b(x, y) = c~x + c2y with ct, c2 arbitrary constants. With this choice, $ satisfies 
the compatibility condition, equation (14) and the Bficklund transform equation (13) becomes: 
eb A = 2(Cl + c2) t- e hA2. (15) 
2b(c lx  + c2y) 
Now, if b = -2 ,  equation (15) becomes 
e-2A _~. cl + c2 
2(c~x + c~y) 
+e -2A2. (16) 
If we take for A2 the known solution in a bounded domain [23], 
A2(x ,y )  = In 1 + ).~r (x 2 +y2) ,  
where 
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and As has the boundary conditions As(x,y)=O 
_ x 2 +yS 6 R s. Hence equation (16) becomes 
and we get 
for x2+yS==R 2, i.e. [2 is the circle 
e_2a = ct + cs t (ot:~) 2 
-- 2(clx + c2y) (1 +,;[~t~:(x s +yS))s 
Ct + C2 
A(x, y) = -- ½In -_ (ctx + csy) 
with a~: and i'1 as above. 
~--~ -~ (17) + (1 + 2g~(x s+ y2))s/ 
For the other form of the boundary conditions, i.e. with infinite strip (infinite domain, Marder 
and Weitzner [24], 
and 
--~t ~<y ~<~t 
As(x, -~  ) = As(x, a)  = 0, 
it is also known that As(x,y) is given by: 
cosh fl~y 
Qt 
A2(x, y) = In cosh fl----~' (18) 
where fl~: is solution of fl -ctx/~ cosh fl = 0. Thus in this case we have, from equation (16) the 
solution A(x, y) of the equation 
Axx + Ayy = ).e -2a 
in the form 
cl + c2 
A(x ,y )  = -- ~ln -- (clx + c2Y) 
with 0t, fl~: as mentioned above. 
+ cosh ~; 
cosh ~-~/ '  
(19) 
3.3. Periodic isothermal magnetostatic atmosphere 
Considering an isothermal magnetostatic atmosphere in a uniform gravitational field, the 
governing equation [10] is: 
V2A + F(A)e -y/n = 0 (20) 
with magnetic field B and plasma kinetic pressure p given by 
B = VA ^ e~ (21) 
~2A~ p(x, y) = [Qo +--~e-2A/Aole-rm (22) 
where ~2, Q0, A0 are constants while H is the constant scale height for a temperature uniform in 
space. Then, equation (20) becomes: 
V2(A /Ao) = a2e-2CA/A°~- nil. (23) 
In fact, equation (23) has been solved for special cases by a number of authors (of. Low et al. [10]). 
Following the case considered by Low et al. [10], by looking to the situation where A is periodic 
in x with period l, i.e. 
A(x + 2xl, y) = A(x, y) (24) 
which corresponds toan array of plasma condensation in the x-direction. These condensations are 
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to be of finite extent vertically. 
horizontal. The following boundary conditions apply: 
lim 
y , + ooB = B+ex, 
where B+ are constant field strengths. 
Now, let 
Y 
A/Ao = Z + V(x, y), 
where L is constant. Equation (23) becomes: 
V2V - 2exp[ -2V - (2  + 1)y l  = 0, 
where the period I is identified by 
Hence, as y ~ + oo, the field is required to be uniform and 
(25) 
(26) 
(27) 
IMIB_ +INIB+ 
I -2H B -B+ (32) 
where M and N are the lower and upper indices of the Laurant series from which a solution may 
be obtained. 
Now a solution of equation (30) is given by Low et al. [10] as: 
r(~,~)=L~'~(l+~2+(~--a)2), (33) 
therefore from (16), we have the general form of V(~, ~) as 
ot2F(c~ + c~)J (34) 
then the associated magnetic potential is 
A= A0G 21)y -  ½ In [ (~ (1 + a2 + exp( -  ~) -2a  exp( -  Y) sin / ) ) -2  
cl+c2 x+ sin 1 -]j 
exp - ctcost c2 7 
where a, cl, c2 are constants. 
which gives 
Introducing two new variables ~, ( defined by 
[ "~ l" ix 
(29) 
Then by taking l > 0, the region 0 < x < 2~1, - oo < y < ~ is transformed into the entire ~ - 
plane with the origin ~ = ( = 0 corresponds to y --, ~ and the far region ~: + (2 ~ oo corresponds 
toy--* -~ .  
Equation (27) transforms into 
O2V O2V 
0~---- ~+ ~-~ = ~21~ e -2v (30) 
and the boundary conditions (25) becomes: 
B_ -- - A 0 + , (31) 
1 
2/= +~.  (28) 
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4. D ISCUSSION 
In this paper  we have presented a set of  analyt ical  solutions for the nonl inear MHD atmospheres.  
We have also demonstrated that these solutions are adequate for describing the force-free model  
for solar flares as well as the p lasma equi lobr ium conf igurat ion in plane-paral lel  s ab in a uni form 
field. 
Moreover,  a pract ical  example of  this model  is now under study using the nonl inear var iat ional  
stabil ity principle developed earl ier by Cal lebaut and Khater  [25-27] and by Khater  et al. [28] for 
Ray le igh-Tay lor  instabil ity with the effect of  rotat ion and compressibi l i ty for plane-paral lel  p asma 
slab. However the full details of  this example will be given in a subsequent paper. 
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